Let M be an orientable compact flat Riemannian manifold endowed with a spin structure. In this paper we determine the spectrum of Dirac operators acting on smooth sections of twisted spinor bundles of M , and we derive a formula for the corresponding eta series. In the case of manifolds with holonomy group Z k 2 , we give a very simple expression for the multiplicities of eigenvalues that allows to compute explicitly the η-series as well as the η-invariant, in terms of values of Riemann-Hurwitz zeta functions. We give the dimension of the space of harmonic spinors and characterize all Z k 2 -manifolds having asymmetric Dirac spectrum. Furthermore, we exhibit many examples of Dirac isospectral pairs of Z k 2 -manifolds which do not satisfy other types of isospectrality. In one of the main examples, we construct a family of Dirac isospectral compact flat n-manifolds, pairwise non-homeomorphic to each other, of cardinality growing exponentially with n.
Introduction
The relation between the geometry of a compact Riemannian manifold M and the spectral properties of the Laplace operators, ∆ and ∆ p , acting respectively on smooth functions or on smooth p-forms, has been studied extensively. An elliptic differential operator whose spectrum is less understood is the Dirac operator D. It can be defined for Riemannian manifolds having an additional structure, a spin structure. The goal of the present paper is to investigate properties of the spectrum of twisted Dirac operators on a compact flat manifold M , in connection with other spectral or geometric properties of M .
The spectrum of the Dirac operator is explicitly known for a small class of Riemannian manifolds (see for instance [Ba] or the list in [AB] , Table 1 ). In the context of flat manifolds, Friedrich ([Fr] ) determined the spectrum of D for flat tori T Λ = Λ\R n , Λ a lattice in R n , showing the dependence on the spin structure. In [Pf] Pfäffle has studied in detail the spectrum of 3dimensional orientable compact flat manifolds, determinig the eta invariants.
If (L, S) denotes the spin representation of Spin(n) and (τ, V ) is a representation of SO(n), we consider the twisted Dirac operator D L⊗τ acting on smooth sections of the twisted spinor bundle S L⊗τ (M Γ , ε) of an orientable compact flat manifold M Γ = Γ\R n , Γ a Bieberbach group, carrying a spin structure ε (see Section 2). When (τ, V ) = (1, C) we have the classical Dirac operator D. In [MP] we have given necessary and sufficient conditions for the existence of spin structures on Z k 2 -manifolds, giving examples of manifolds that are Laplace isospectral on functions and on p-forms for all values of p, one of them admitting spin structures and the other not. We recall also that Vasquez has already given some examples of M with holonomy group Z k 2 having nonzero second Stiefel-Whitney class, w 2 (M ) = 0, showing that not every flat manifold admits a spin structure ( [Va] , see also [IK] ).
In the present paper we obtain formulas for the multiplicities d ± L⊗τ,µ (Γ, ε) of the eigenvalues ±2πµ, µ > 0, of the twisted Dirac operator D L⊗τ associated to a spin structure ε, in terms of the characters χ τ of τ and χ L , χ L ± of the spin and half spin representations, for an arbitrary flat manifold M Γ (see Theorem 2.6). In the proof of the theorem, we must keep track carefully of certain conjugacy classes of elements in Spin(n − 1). For this, we need to give some preliminary facts on characters of spin representations (see Lemma 1.1 and Lemma 1.2). We also compute the dimension of the space of harmonic spinors, showing that these can only exist for a special class of spin structures, namely, those restricting trivially to the lattice of translations Λ. Furthermore, by computing the supertrace of a Z 2 -graded space, we give an expression, (2.25), for the η-series η(s) of M Γ . In the particular case when M Γ has dimension p = 4r + 3 and ciclic holonomy group Z p , p prime, we obtain an explicit expression for the η-invariant. In dimension 3 and 7 this is in coincidence with the results in [Pf] and [SS] .
From Section 3 on we restrict ourselves to the case of Z k 2 -manifolds; i.e., Bieberbach manifolds with holonomy group F ≃ Z k 2 . We note that the holonomy action is not diagonal in general. By computing χ L and χ L ± we give very explicit expressions, (3.3) and (3.4), for d ± L⊗τ,µ (Γ, ε). Also, we characterize those spin manifolds (M Γ , ε) having asymmetric Dirac spectrum, proving that they are of a very special type. In fact, we show that they have odd dimension with n = 4r + 3 and F has at least one element with rotational part B that is conjugate to the diagonal matrix diag(−1, . . . , −1, 1), with χ τ (B) = 0, and furthermore the spin structure is of a special kind. We summarize these results in Theorem 3.2. In the asymmetric case we give an explicit expression for η(s), depending on ε and χ τ , in terms of generalized Riemann-Hurwitz zeta functions ζ(s, α), α ∈ (0, 1). From this, we obtain that the η-invariant of M Γ equals η = ±χ τ (B)2 [n/2]−k , the sign depending on ε. This generalizes a result in [Pf] in the case when n = 3.
The main goal in the last section is to compare Dirac isospectrality with other types of isospectrality -see Table 1 below-; namely, isospectrality with respect to the spinor Laplacian ∆ L⊗τ := −D 2 L⊗τ and to the Hodge Laplacian on p-forms, ∆ p for 0 ≤ p ≤ n. We also look at the length spectrum of M or [L]-spectrum, and the weak length spectrum of M or L-spectrum, that is, the set of lengths of closed geodesics of M counted with and without multiplicities, respectively.
In Example 4.3 we consider the case of Z 2 -manifolds. We give families of Dirac isospectral Riemannian manifolds having different topological or geometrical properties. In Example 4.4 we show that spinor Laplacian isospectrality does not imply Dirac isospectrality and in Example 4.5, we exhibit pairs of Z 2 2 -manifolds, p-isospectral for 0 ≤ p ≤ n and L-isospectral, that are Dirac isospectral or not, depending on the choice of the spin structures.
The main information in Examples 4. 3, 4.4, 4 .5 is collected in Theorem 4.1. We summarize the features in the following table that shows the independence of Dirac isospectrality from other notions of isospectrality considered. Finally, in Example 4.6, we apply the doubling procedure in [DM2] to Hantzsche-Wendt manifolds (see [MR] ), to construct a large family (of cardinality depending exponentially on n) of Dirac isospectral, pairwise nonhomeomorphic, Z n−1 2 -manifolds of dimension 2n, n odd, carrying a Kähler structure.
Preliminaries
Laplace spectrum of Bieberbach manifolds. We first review some standard facts on compact flat manifolds (see [Ch] or [Wo] ). A Bieberbach group is a discrete, cocompact, torsion-free subgroup Γ of the isometry group I(R n ) of R n . Such Γ acts properly discontinuously on R n , thus M Γ = Γ\R n is a compact flat Riemannian manifold with fundamental group Γ. Any such manifold arises in this way and will be referred to as a Bieberbach manifold. Any element γ ∈ I(R n ) = O(n) ⋊ R n decomposes uniquely as γ = BL b , with B ∈ O(n) and b ∈ R n . The translations in Γ form a normal maximal abelian subgroup of finite index L Λ where Λ is a lattice in R n which is Bstable for each BL b ∈ Γ. The restriction to Γ of the canonical projection r : I(R n ) → O(n) given by BL b → B is a homomorphism with kernel L Λ and F := r(Γ) is a finite subgroup of O(n). Thus, given a Bieberbach group Γ, there is an exact sequence 0 → Λ → Γ r → F → 1. The quotient F ≃ Λ\Γ is called the holonomy group of Γ and gives the linear holonomy group of the Riemannian manifold M Γ . Since we will be working with spin manifolds we shall assume from now on that M Γ is orientable, i.e. F ⊂ SO(n). Now, we recall from [MR3] and [MR4] an expression for the multiplicities of the eigenvalues of Laplace operators on vector bundles over flat manifolds. If τ is a finite dimensional representation of K = O(n) and G = I(R n ) we form the vector bundle E τ over G/K ≃ R n associated to τ and consider the corresponding vector bundle Γ\E τ over Γ\R n = M Γ . As usual we denote by χ τ and d τ respectively, the character and the dimension of τ . Let −∆ τ be the connection Laplacian on this bundle.
Let Λ * = {λ ′ ∈ R n : λ · λ ′ ∈ Z for any λ ∈ Λ} denote the dual lattice of Λ and let, for any µ ≥ 0, Λ * µ = {λ ∈ Λ * :
If Γ a Bieberbach group then the torsion free condition implies that n B > 0 for any γ = BL b ∈ Γ. Since B preserves Λ and Λ * we also have that (Λ * ) B = 0.
We recall from [MR4] , Theorem 2.1, that the multiplicity of the eigenvalue 4π 2 µ of −∆ τ is given by
If τ = τ p , the p-exterior representation of O(n), then −∆ τp corresponds to the Hodge Laplacian acting on p-forms. In this case we shall write ∆ p , tr p (B) and d p,µ (Γ) in place of ∆ τp , tr τ p (B) and d τp,µ (Γ), respectively.
Spin group and spin representation. For a discussion of the material in this subsection we refer to [LM] or [Fr2] . Let Cl(n) denote the Clifford algebra of R n with respect to the standard inner product on R n . If {e 1 , . . . , e n } is the canonical basis of R n then a basis for Cl(n) is given by the set {e i 1 . . . e i k : 1 ≤ i 1 < · · · < i k ≤ n}. One has that vw + wv + 2 v, w = 0 holds for all v, w ∈ R n , thus e i e j = −e j e i and e i 2 = −1 for i, j = 1, . . . , n. We denote by Cl(n) the complexification of Cl(n). Inside the group of units of Cl(n) we have the pin and spin groups given by
The group Pin(n) has two connected components; the connected component of the identity is Spin(n) which is a compact, simply connected Lie group if n ≥ 3. There is a Lie group epimorphism with kernel {±1}
If v ∈ R n is a unit vector (hence v ∈ Pin(n)) and ρ v denotes the orthogonal reflection with respect to the hyperplane orthogonal to v, then
If A j is a matrix for 1 ≤ j ≤ m, we will abuse notation by denoting by diag(A 1 , . . . , A m ) the matrix having A j in the diagonal position j. Let B(t) = cos t − sin t sin t cos t with t ∈ R and for t 1 , . . . , t m ∈ R define
(cos t j + sin t j e 2j−1 e 2j ).
(1.4) Maximal tori in SO(n) and Spin(n) are respectively given by
The restriction µ : T → T 0 is a 2-fold cover and
Indeed, if for i < j we set u ij (t) = cos(t) + sin(t)e i e j ∈ Spin(n), then we have µ(u ij (t)) = ρ − cos(t)e j +sin(t)e i ρ e j which implies (1.5). The Lie algebras of Spin(n) and that of T are given respectively by
We consider (L, S), an irreducible complex representation of Cl(n), restricted to Spin(n). The complex vector space S has dimension 2 m with m := [ n 2 ] and is called the spinor space. We have that S := I⊂{1,...,m} S λ I where S λ I denotes the weight space corresponding to the weight
Here ε j is given on t by ε j ( m k=1 c k e 2k−1 e 2k ) = 2ic j . All weights have multiplicity 1. If n is odd, then (L, S) is irreducible for Spin(n) and is called the spin representation. If n is even, then the subspaces (1.7)
are Spin(n)-invariant and irreducible of dimension 2 m−1 . If L ± denote the restricted action of L on S ± then (L ± , S ± ) are called the half-spin representations of Spin(n). We shall write (L n , S n ) (resp. (L ± n , S ± n )) for (L, S), (resp. (L ± , S ± )), when we wish to specify the dimension. We will make use of the following wellknown facts:
We shall need the values of the characters of L ± n on elements of T .
If n = 2m or n = 2m + 1, then
(1.10) χ Ln (x(t 1 , . . . , t m )) = 2 m m j=1 cos t j .
Proof. Assume first that n = 2m is even and proceed by induction on m. For m = 1, (1.9) clearly holds and we have that χ
The calculation for χ L − n+2 is analogous. By adding χ L + n (x(t 1 , . . . , t m )) and
. . , t m )) we get the asserted expression for χ Ln (x(t 1 , . . . , t m )) if n = 2m. If n = 2m + 1, then χ Ln (x(t 1 , . . . , t m )) = χ L n−1 (x(t 1 , . . . , t m )), hence the result follows.
In the study of spectra of Dirac operators in forthcoming sections we will need to handle conjugacy classes of elements in Spin(n).
Lemma 1.2. Let x, y ∈ Spin(n − 1) be conjugate in Spin(n). (i) If n is even, then x, y are conjugate in Spin(n − 1). (ii) If n is odd, then y is conjugate to x or to −e 1 xe 1 in Spin(n − 1).
Proof. If n = 2m is even, the restriction map from the representation ring R(Spin(2m)) to R(Spin(2m − 1)) is onto, hence the assertion in the lemma follows.
If n = 2m + 1, we may assume that x = x(t 1 , . . . , t m ), y = x(t ′ 1 , . . . , t ′ m ) lie in the maximal torus T , where x(t 1 , . . . , t m ) = m j=1 (cos t j + sin t j e 2j−1 e 2j ). Now, if x and y are conjugate in Spin(2m + 1), then µ(x), µ(y) are conjugate in SO(2m + 1) and this implies that, after reordering, we must have
Hence, if x = x(t 1 , . . . , t m ), then (e 2j−1 e 2k−1 ) x (e 2j−1 e 2k−1 ) −1 = x(t 1 , . . . , −t j , . . . , −t k , . . . , t m )
for 1 ≤ j, k ≤ m. Thus, for fixed t 1 , . . . , t m , among the elements of the form x(±t 1 , . . . , ±t m ), there are at most two conjugacy classes in Spin(2m) represented by x(±t 1 , t 2 . . . , t m ). Now by Lemma 1.1, we have that
This implies that x(t 1 , t 2 . . . , t m ) and x(−t 1 , t 2 . . . , t m ) are not conjugate unless t j ∈ πZ for some j. On the other hand, if this is the case, then clearly e 1 e 2j−1 ∈ Spin(n − 1) conjugates one element into the other. This completes the proof of the lemma.
Remark 1.3. The lemma shows that generically, if n is odd, x(t 1 , t 2 . . . , t m ) and x(−t 1 , t 2 . . . , t m ) are conjugate in Spin(n) but not in Spin(n − 1).
We now consider the special case when t i ∈ π 2 Z for all i, then µ(x) has order 2 (or 1). We set g h = e 1 e 2 . . . e 2h−1 e 2h ∈ Spin(n) for 1 ≤ h ≤ m = [ n 2 ]. Thus g h = x( π 2 , . . . , π 2 h , 0, . . . , 0) and −g h = x(− π 2 , π 2 , . . . , π 2 h , 0, . . . , 0) . Proof. The first assertion in the corollary follows immediately from the proof of Lemma 1.2. The remaining assertions are clear in light of Lemma 1.1.
For any u ∈ R n {0}, left Clifford multiplication by u on S is given by
for w ∈ S. We fix , an inner product on S such that L(u) is Hermitian, hence , is Spin(n)-invariant. Note that L(u) 2 = − u 2 Id. Hence, S decomposes S = S + u ⊕ S − u , where S ± u denote the eigenspaces, of dimension 2 m−1 , of L(u) with eigenvalues ∓i u .
Clearly Spin(n − 1, e n ) = Spin(n − 1) and for general u, if h u ∈ Spin(n) is such that h u uh u −1 = u e n , then h u Spin(n − 1, u)h −1 u = Spin(n − 1). We note that for any g ∈ Spin(n − 1, u), L(g) commutes with L(u), hence L(g) preserves the eigenspaces S ± u . The following lemma will be used in the proof of Theorem 2.6. Lemma 1.6. Let Spin(n − 1, u) be as in (1.11) . Then as Spin(n − 1)modules: S ± en ≃ (L ± n−1 , S ± n−1 ) if n is odd and S ± en ≃ (L n−1 , S n−1 ) if n is even. As Spin(n − 1, u)-modules we have that S ± u = L(h u )S ± n−1 , if n is odd, and S ± u = L(h u )S n−1 , if n is even, with action given by L(h u xh −1 u ) = L(h u )L(x)L(h −1 u ) for any x ∈ Spin(n − 1). Proof. L(e n ) commutes with the action of Spin(n − 1) on S n and, on the other hand, S n = S + n−1 ⊕ S − n−1 as a Spin(n − 1)-module. If n is odd, then S ± n−1 are inequivalent representations of Spin(n−1), hence L(e n )S ± n−1 = S ± n−1 and by Schur's lemma, L(e n ) must act by multiplication by a scalar on each of them. By using the explicit description of L in [Kn] , p. 286-288, one verifies that L(e n ) acts by ∓i on S ± n−1 , that is S ± en ≃ S ± n−1 . If n is even, then S ± n both restrict to S n−1 as Spin(n − 1)-modules. Since the ±i-eigenspaces of L(e n ) are stable by Spin(n − 1), they must both be equivalent to S n−1 .
The remaining assertions in the lemma are easily verified. A manifold in which a spin structure has been chosen is called a spin manifold. We will be interested on spin structures on quotients M Γ = Γ\R n , Γ a Bieberbach group. If M = R n , we have B(R n ) = R n × SO(n), thus clearly R n × Spin(n) is a principal Spin(n)-bundle and the map given by Id × µ : R n × Spin(n) → R n × SO(n) is an equivariant 2-fold cover. Thus we get a spin structure on R n and since R n is contractible this is the only such structure. Now, if Γ is a Bieberbach group we have a left action of Γ on B(M ) given by γ · (x, (w 1 , . . . , w n )) = (γx, (γ * w 1 , . . . , γ * w n )).
, thus the action of Γ on B(M ) corresponds to the action of Γ on R n ×SO(n) given by γ ·(x, g) = (γx, Bg).
Now assume a group homomorphism is given
In this case we can lift the left action of Γ on B(R n ) toB(R n ) = R n × Spin(n) via γ · (x,g) = (γx, ε(γ)g). Thus we have the spin structure
Γ\R n E Id×µ r r r r j% for M Γ since Γ\B(R n ) = B(Γ\R n ) and Id × µ is equivariant. In this way, for each such homomorphism ε, we obtain a spin structure on M Γ . Furthermore, all spin structures on M Γ are obtained in this manner (see [Fr2] , [LM] ). Throughout the paper we shall denote by (M Γ , ε) a spin Bieberbach manifold endowed with the spin structure (1.13) induced by ε as in (1.12).
Definition 1.7. Since r(L λ ) = Id for λ ∈ Λ, then ε(λ) = ±1 for any λ ∈ Λ. Denote by δ ε := ε |Λ , the character of Λ induced by ε. We will say that a spin structure ε on a flat manifold M Γ is of trivial type if δ ε ≡ 1. For a torus T Λ , the only such structure is the trivial structure corresponding to ε ≡ 1.
Remark 1.8. The n-torus admits 2 n spin structures ( [Fr] ). An arbitrary flat manifold M Γ need not admit any. In [MP] , we give necessary and sufficient conditions for existence in the case when Γ has holonomy group Z k 2 and several simple examples of flat manifolds that can not carry a spin structure. Also, we exhibit pairs of manifolds, isospectral on p-forms for all 0 ≤ p ≤ n, where one carries several spin structures and the other admits none.
2. The spectrum of twisted Dirac operators.
In this section we will introduce the Dirac operator D L⊗τ acting on sections of the spinor bundle S L⊗τ (M Γ , ε) (see (2.2)) twisted by a finite dimensional, unitary representation (τ, V ) of SO(n). We shall denote by χ τ and d τ the character and the dimension of τ , respectively. In the main results in this section we will give an explicit formula for the multiplicities of the eigenvalues of twisted Dirac operators of any spin Bieberbach manifold (M Γ , ε) together with a general expression for the η-series. We shall use this expression to compute the η-invariant of M Γ in some cases.
Spinor bundles and spinor fields. Let (τ, V ) be a representation of Spin(n) that is trivial on {±1}; Spin(n) acts on the right onB(
and this action defines an equivalence relation such that
There is a bundle map from the associated bundleB
, which is clearly an isomorphism. Since γ · ((x,g), w) = ((γx, ε(γ)g), w), then the corresponding
In this way we get that the bundle Γ\(
, that is, if and only if ψ(γx) =γψ(x), for someγ ∈ Γ. Since Γ acts freely on R n , this is the case if and only ifγ = γ and furthermore f satisfies f (γx) = (L ⊗ τ )(ε(γ))f (x). In other words, Γ ∞ (S L⊗τ (M Γ , ε)) can be identified to the space:
The spectrum of twisted Dirac operators. If M Γ is a flat manifold endowed with a spin structure ε, let ∆ L⊗τ denote the twisted spinor Laplacian acting on smooth sections of the spinor bundle
where ∆ is the Laplacian on functions on M Γ . It is easy to see that for u ∈ Λ * ε , w ∈ S ⊗ V , every f u,w as in (2.5) is an eigenfunction of ∆ L⊗τ with eigenvalue −4π 2 u 2 . Now, Cl(n) acts on S ⊗V on the first factor by left Clifford multiplication. Let {e 1 , . . . , e n } be an orthonormal basis of R n and let ψ be as above. The twisted Dirac operator D L⊗τ is defined by
where e i acts by L(e i ) ⊗ Id on S ⊗ V . We will drop L ⊗ τ from notation, and abusing notation will assume that D acts on the function f where
. One has that D is an elliptic, first order, essentially self-adjoint differential operator on the spinor bundle S L⊗τ (M Γ , ε) of M Γ . Furthermore, D has a discrete spectrum consisting of real eigenvalues of finite multiplicity and satisfies D 2 = −∆ L⊗τ . We will denote by Spec D (M Γ , ε) the spectrum of D L⊗τ when τ is understood.
We now compute the action of
That is, if and only if ε = 1, the trivial spin structure. Moreover, f 0,w is an eigenfunction of D with eigenvalue 0, i.e. a harmonic spinor. Conversely, if Df = 0 then also ∆ L⊗τ f = 0 hence, it follows from (2.6) that f = f 0,w , a constant function, for some w ∈ S ⊗ V .
We shall denote by H 0 the space of harmonic spinors. If n is even, then sections of the form f 0,w with w ∈ S + ⊗ V (resp. S − ⊗ V ) are often called positive (resp. negative) harmonic spinors. We have
where H + 0 and H − 0 respectively denote the spaces of positive and negative harmonic spinors.
If µ > 0 we set d ± L⊗τ,µ (Λ, ε) := dim H ± µ , the multiplicities of the eigenvalues ±2πµ. If µ = 0, let d L⊗τ,0 (Λ, ε) := dim H 0 and d ± L⊗τ,0 (Λ, ε) := dim H ± 0 , if n is even.
The next result gives Spec D (T Λ , ε) for the torus T Λ and shows that it is determined by the cardinality of the sets
. Let ε be a spin structure on the torus T Λ ≃ Λ\R n . In the notation above, we have:
The multiplicity of the eigenvalue ±2πµ thus equals
The statements in (i) are clear in light of the discussion before the proposition. Now let L 2 (Λ\R n ; ε) denote the space
and let L 2 (Λ\R n , S⊗V ; ε) be defined similarly by using functions with values in S ⊗ V .
For each u ∈ Λ * ε the function f u (x) = e 2πiu·x lies in L 2 (Λ\R n ; ε). In the case ε = 1, the Stone-Weierstrass theorem implies that the set {f u : u ∈ Λ * } is a complete orthogonal system of L 2 (Λ\R n ). Since Λ * ε = u ε + Λ * , this implies that the set {f u : u ∈ Λ * ε } is a complete orthogonal system of L 2 (Λ\R n ; ε). Now, if for each given u ∈ Λ * ε , we choose an orthonormal basis B u of S ⊗ V of eigenvectors of L(u) ⊗ Id, then this clearly implies that the set
where J ± ε are computed with respect to the canonical basis of R n . We observe that |J − ε | (or |J + ε |) determines the multiplicity of the eigenvalue ±2πµ, for any µ > 0, by (2.11) and by the multiplicity formula in (ii) of Proposition 2.1. Thus, we have that
Our next goal is to obtain a formula for the multiplicities of the eigenvalues ±2πµ, µ ≥ 0, of the Dirac operator acting on twisted spinor fields of (M Γ , ε).
where n B is defined in (1.1).
For simplicity, we shall simply write σ(u, x γ ) when ε is understood.
Remark 2.5. Note that if n B > 1 then, by arguing as at the end of the proof of Lemma 1.2, we see that σ(u, x γ ) = 1 for all u. Also, if x γ ∼ −e 1 x γ e 1 , then, by definition, σ(u, −e 1 x γ e 1 ) = −σ(u, x γ ). Moreover σ(−u, x γ ) = −σ(u, x γ ) and σ(αu, x γ ) = σ(u, x γ ) for any α > 0, since we may take h αu = h u in (2.13). Now, let as usual χ τ , χ L and χ L ± denote the characters of τ , L and L ± , respectively. Keeping the notation above, for each γ = BL b ∈ Γ, µ > 0 we set
Theorem 2.6. Let Γ be a Bieberbach group with translation lattice Λ and holonomy group F ≃ Λ\Γ. Assume M Γ = Γ\R n is an orientable compact flat manifold with spin structure ε. Then, for each µ > 0 the multiplicity of the eigenvalue ±2πµ of D L⊗τ is given by
If n is odd then
We note that the summands in (2.15) and in (2.16) are independent of the representative γ mod Λ and of the choice of x γ , but in general the individual factors are not.
Proof. We proceed initially as in [MR3] , [MR4] . We have that
and similarly for dim H 0 Γ , with H 0 in place of H ± µ .
Thus, by (ii) of Proposition 2.1 we have to compute, for γ ∈ Γ,
Recall, from (2.1), that γ ∈ Γ acts by γ · ψ(x) = (γx, (L ⊗ τ )(ε(γ))f (x)) on ψ(x) = (x, f (x)). Thus there is an action of γ on f given by
Now, if γ = BL b ∈ Γ and u ∈ (Λ * ε,µ ) B , then ε(γ) ∈ Spin(n − 1, u) (see (1.11)). Hence L(ε(γ)) preserves the eigenspaces S ± u of L(u) ⊗ Id and we can consider the trace of (L ⊗ τ )(ε(γ)) restricted to S ± u ⊗ V . Thus we finally obtain
Now, using Lemma 1.6, together with Definition 2.4 we have
since L(e 1 ) sends S ± to S ∓ orthogonally. For n even we proceed similarly.
n odd as asserted in formula (2.15). By separating the contributions of the elements γ = BL b with B ∈ F 1 from those with B / ∈ F 1 , we arrive at formula (2.16).
In the case µ = 0 we may proceed in a similar way. If we identify w ⊗ v ∈ S ⊗ V with the constant function f 0,w⊗v , then for γ ∈ Γ we have
as claimed. Concerning the last equality, we know that
since F ≃ Λ\Γ and Λ acts trivially for ε of trivial type.
Corollary 2.7. Let (M Γ , ε) be a spin compact flat manifold of dimension n. If n is even, or if n odd and n B > 1 for any γ = BL b ∈ Γ, then the spectrum of the twisted Dirac operator D L⊗τ is symmetric.
Proof. If n is even, the assertion is automatic by (2.15). If n is odd, by (2.16) and (1.9) we see that
). It is clear that γ satisfies n B > 1 if and only if t k (x γ ) ∈ πZ, for some k, hence in this case m j=1 sin t j (x γ ) = 0. Thus, if n B > 1 for every γ, (2.22) implies that the Dirac spectrum is symmetric.
Remark 2.8. In the expressions for the multiplicities of eigenvalues in the theorem, one may substitute χ L n−1 (x γ ), χ L ± n−1 (x γ ) or χ Ln (ε(γ)) by the explicit values given in Lemma 1.1 in terms of products of cosines and sines of the
is just the multiplicity of the eigenvalue 4π 2 µ 2 of −∆ L⊗τ . We thus have:
where α(n) = 1 or 2 depending on whether n is odd or even. Clearly, (twisted) Dirac isospectrality implies (twisted) spinor Laplacian isospectrality, but we shall see the converse is not true (see Example 4.4).
Asymmetry of the spectrum and η-series. We decompose Spec D (M Γ , ε) = S∪ A where S and A are the symmetric and the asymmetric components of the spectrum, respectively. That is, if λ = 2πµ, λ ∈ S if and only if
In this case, the positive spectrum Spec + D (M Γ ) = {λ ∈ Spec D (M Γ ) : λ > 0} and H 0 determine the whole spectrum Spec D (M Γ ) . The symmetry of the spectrum of the Dirac operator depends on Γ and also on the spin structure ε on M Γ . Our next goal is to derive an expression for the η-series η (Γ,ε) (s), for a general Bieberbach manifold M Γ with a spin structure ε. Consider
It is known that this series converges absolutely for Re(s) > n 2 and defines a holomorphic function η (Γ,ε) (s) in this region, having a meromorphic continuation to C that is holomorphic at s = 0 ([APS]). One defines the eta-invariant of M Γ by η (Γ,ε) := η (Γ,ε) (0). By Corollary 2.7, η(s) ≡ 0 if n = 2m or if n = 2m + 1 and F 1 = ∅. Furthermore, it is known that if n ≡ 3 mod (4) then η(s) ≡ 0.
Proposition 2.10. Let Γ be a Bieberbach group of dimension n = 4r + 3 (thus m = 2r + 1) with holonomy group F and let ε be a spin structure on M Γ = Γ\R n . Then the η-series of M Γ is given by
where e µ,γ,σ (δ ε ) is as in (2.14) and x γ = x(t 1 (x γ ), . . . , t m (x γ )).
Proof. By (2.16) and Corollary 2.7, we get that
Now, using (1.9) we get
By substituting this last expression in (2.24) the proposition follows.
Remark 2.11. (i) In Proposition 3.7 we will give a very explicit expression for the eta series and will compute the eta invariant for a general flat manifold with holonomy group Z k 2 . We shall see that we may have η = 0 or η = 0, depending on the spin structure.
(ii) Let g ∈ Spin(n). If n even, χ L + n (g) − χ L − n (g) = Str L n (g), is the supertrace of L n (g). By Proposition 3.23 in [BGV] , one has the expression:
Str L n (g) = i −n/2 sgn(g) |det(Id n−1 − µ(g))| 1/2 where sgn(g) ∈ {±1} is defined in [BGV] and µ is the covering (1.3).
(iii) Note that some authors use 1 2 (η(0) + d 0 ) instead of η(0) as the definition of the η-invariant for (M, ε).
In [SS] , the authors give an expression for the eta invariant and harmonic spinors for an infinite family of n-manifolds, M n , having cyclic holonomy group Z n for each dimension n odd. As an application of (2.25) we will find an alternative expression for the eta invariant of this family in the case when n = p prime. At the end we give a table with the explicit values for any prime p ≤ 163.
We thus assume that F is cyclic of order p = 4r + 3 (i.e. m = 2r + 1) with p prime. Furthermore, we will take τ = 1. Let Γ p be a Bieberbach group, Γ p = γ = BL b , L Λ with B of order p, b = 1 p e p and Λ = Λ p−1 ⊕ Ze p with Λ p−1 a lattice in R p−1 stable by B. We fix f 1 , . . . , f p−1 , a Z-basis of Λ p−1 . The minimal polynomial of the restriction of B to (Re p ) ⊥ is the cyclotomic polynomial φ p (x), of degree p − 1 ([Ch], Ch. 4).
We note that Theorem 2.1 in [MP] , stated for Z k 2 -manifolds, also holds for Z n -manifolds replacing condition (ε 1 ) by condition (ε ′ 1 ): ε(γ n ) = ε(γ) n . Now, using conditions (ε 2 ) in (2.3) in [MP] and (ε ′ 1 ), one can see that M p := Γ p \R p has exactly two spin structures, ε 1 , ε 2 , given, on the generators of Γ, by
, ε 2 (γ) = (−1) r x( π p , 2π p , . . . , (2r+1)π p ).
Proposition 2.12. Let p = 4r + 3 be a prime and let Γ p , ε 1 , ε 2 be as above.
Then the eta invariants of M p = Γ p \R p for ε 1 and ε 2 are given by
Note. We observe that if k is odd, then (−1) sp(k) = k p , where · p denotes the Legendre symbol.
Proof. We will compute the different ingredients in formula (2.25) for the eta function for the two given spin structures. We have (Λ * ε ) B = Ze p for ε 1 while (Λ * ε ) B = (Z + 1 2 )e p for ε 2 . In both cases (Λ * ε,µ ) B = {±µe p }. Thus, µ = j for ε 1 and µ = j + 1 2 for ε 2 with j ∈ N 0 . We take x γ j = ε i (γ) j , for i = 1, 2 and 1 ≤ j ≤ p − 1. This implies that σ(e p , x γ j ) = 1 for ε 1 , ε 2 and for any 1 ≤ j ≤ p − 1.
Since γ k = B k L k p ep , by (2.14) and Remark 2.5, for 1 ≤ k ≤ p − 1, we have e µ,γ k ,σ (δ ε ) = e −2πi µk p σ(µe p , x γ k ) + e 2πi µk p σ(−µe p , x γ k ) = −2i sin( 2πµk p ). Thus, up to the factor −2i, the sums over µ ∈ 1 2π A corresponding to γ = γ k in (2.25) for ε 1 and ε 2 are respectively equal to
where ζ(s, α) = ∞ j=0 1 (j+α) s denotes the Riemann-Hurwitz zeta function for 0 < α < 1.
On the other hand, for ε h , h = 1, 2, we have:
]. Furthermore, the last equality follows by combining the identities
We note that t j (x γ k ) not only depends on γ k but also on ε 1 , ε 2 . Thus, using (2.27) and (2.25) we obtain
(2.28)
Since ζ(0, α) = 1 2 − α ([WW], 13.21), the sums over l in the above expressions when evaluated at s = 0 are respectively equal to p−1 l=1 ( 1 2 − l p ) sin( 2πlk p ), for ε 1 , and p−1 l=0 ( 1 2 − 2l+1 2p ) sin( (2l+1)πk p ) for ε 2 . Also, p−1 l=1 sin( Indeed, if we differentiate the identity 1 2 + p−1 l=1 cos(lx) = sin(x+ 1 2 ) sin(
x 2 )
we get
. Now evaluating both sides at x = 2kπ p yields the first identity in (2.29). To verify the second identity we first note that
Using this expression together with the first identity in (2.29) we have
We now note that the contributions of k and p − k are equal to each other, that is:
These equalities can be easily verified using the identity
Taking into account this observation, together with (2.29) and (2.28) we finally obtain the expressions for the eta invariants given in the proposition.
We now look at the simplest case when p = 3, first considered in [Pf] . We have r = 0 and ε 1 = (1, 1, 1, −x( π 3 )) = (1, 1, 1, x( π 3 +π)), ε 2 = (1, 1, −1, x( π 3 )) (in the notation of Section 4, see (4.1)). We obtain
These values are in coincidence with those in [Pf] . To conclude this section, we shall give explicitly the eta invariants for all p-manifolds in the family, p = 4r + 3 prime, 7 ≤ p ≤ 163, obtained with the help of a computer, using formulas (2.26). We also give some values of d 0 (ε 1 ), the dimension of the space of harmonic spinors using (2.17) and (1.10). Note that d 0 (ε 2 ) = 0 by Theorem 2.6. We summarize the information in the following table:
r p = 4r + 3 η ε 1 η ε 2 d 0 (ε 1 ) 
We shall see that, somewhat surprisingly, for these manifolds the multiplicity formulas in Theorem 2.6 take extremely simple forms (see (3.3) and (3.4)). This will allow to exhibit, in the next section, large Dirac isospectral sets. Also, we shall characterize all manifolds having asymmetric Dirac spectrum, obtaining very explicit expressions for the η-series and the η-invariant of a spin Z k 2 -manifold. Let F 1 be as in (2.12). In the case of Z k 2 -manifolds, F 1 is the set of −1, 1) . The next lemma will be very useful in the proof of Theorem 3.2.
Lemma 3.1. If Γ is a Bieberbach group with translation lattice Λ and holonomy group Z k 2 then the elements in F 1 can be simultaneously diagonalized in Λ, that is, there is a basis f 1 , . . . , f n of Λ such that Bf j = ±f j , 1 ≤ j ≤ n, for any BL b ∈ Γ with n B = 1. Furthermore Γ can be conjugated by some L µ , µ ∈ R n , to a group Γ ′ such that 2b ∈ Λ for any BL b ∈ Γ ′ with n B = 1.
Proof. Let BL b ∈ Γ with n B = 1. Then BΛ = Λ and it is a well known fact that Λ decomposes, with respect to the action of B as Λ = Λ 1 ⊕ Λ 2 where Λ 1 (resp. Λ 2 ) is a direct sum of integral subrepresentations of rank 1 (resp. 2). Here B acts diagonally on Λ 1 and Λ 2 is a direct sum of subgroups in which B acts by J = [ 0 1 1 0 ]. Now, it is not hard to check that since Γ is Bieberbach, then the projection b + of b onto Λ B can not lie in Λ 2 , otherwise some element of the form BL b+λ , with λ ∈ Λ, would be of finite order (see [DM] , Proposition 2.1). Thus, if Λ 2 = 0, then the multiplicity of the eigenvalue 1 for B would be at least 1 on Λ 1 and at least 1 on Λ 2 , hence n B ≥ 2, which is not possible since B ∈ F 1 . Thus Λ 2 = 0 for every B ∈ F 1 , therefore each such B can be diagonalized in a basis of Λ.
Our next task is to show that this can be done simultaneously in Λ for all elements in F 1 . To show this, we enumerate the elements in F 1 : B 1 , . . . , B r . Let f 1 , . . . , f n be a basis of Λ diagonalizing B r . After reordering we may assume that B r f n = f n and B r f j = −f j for 1 ≤ j ≤ n − 1. Clearly f n is orthogonal to f j for j < n. Now, for i = 1, . . . , r − 1, B i f n = ±f n since B i commutes with B r , and actually B i f n = −f n , since otherwise we would have B i = B r , since B i ∈ F 1 . Now, B 1 , . . . , B r−1 ∈ F 1 and leave Λ ′ := Z-span{f 1 , . . . , f n−1 } invariant. Hence by induction they can be simultaneously diagonalized in some Z-basis of Λ ′ . Putting this basis together with f n we get a basis of Λ that diagonalizes B 1 , . . . , B r . The proof of the second assertion now follows in the same way as that of Lemma 1.4 in [MR4] .
We are now in a position to prove the main result in this section. We shall see that for a spin Z k 2 -manifold, only the identity element, Id, and possibly one element BL b ∈ Γ with n B = 1 can give a nonzero contribution to the multiplicity formulas.
We note that given γ = BL b ∈ Γ Λ, since B 2 = Id, then B is conjugate in SO(n) to a diagonal matrix of the form diag(−1, . . . , −1 2h , 1, . . . , 1) with
is conjugate in Spin(n) to ±g h = ±e 1 . . . e 2h for some 1 ≤ h ≤ m. Moreover, if n = 2m then h < m, since B = −Id cannot occur for BL b ∈ Γ, Γ being torsion-free. Thus, it follows that g h ∈ Spin(n − 1) and since g h and −g h are conjugate, then we may take x γ in Definition 2.4 to be equal to g h , with h depending on γ. From now on in this section we shall thus assume that x γ = g h .
We recall that by Lemma 1.1, if n = 2m, then
and furthermore, for arbitrary n one has
Theorem 3.2. Let (M Γ , ε) be a spin Z k 2 -manifold of dimension n, and let F 1 be as in (2.12) .
(i) If F 1 = ∅, then Spec D L⊗τ (M Γ , ε) is symmetric and the multiplicities of the eigenvalues ±2πµ, µ > 0, of D L⊗τ are given by: ε) is asymmetric if and only if n = 4r + 3 and there exists γ = BL b , with n B = 1 and χ τ (B) = 0, such that B |Λ = −δ ε Id. In this case, the asymmetric spectrum is the set of eigenvalues given by (3.3) . (iii) The number of independent harmonic spinors is given by
otherwise.
If k > m then M Γ has no spin structures of trivial type, hence M Γ has no harmonic spinors. Furthermore, if M Γ has exactly 2 m d τ harmonic spinors then M Γ = T Λ and ε = 1.
Proof. We first note that the contribution of Id ∈ F to the multiplicity formulas (2.15) and (2.16) is given by 2 m−k−1 d τ e µ,Id (δ ε ) = 2 m−k−1 d τ |Λ * ε,µ |. Hence, when no element in F other than Id gives a nonzero contribution then (3.3) holds.
If F 1 = ∅, then, for any γ = BL b ∈ Γ Λ, we have ε(γ) ∼ g h with h < m. Thus, χ Ln (ε(γ)) = 0 if n odd and χ ± Ln (ε(γ)) = 0 if n even, for any γ ∈ Γ Λ. Thus, in this case, only Id ∈ F contributes to (2.15) and (2.16) and hence (i) follows. This implies that, other than Id, only the elements in F 1 can give a nonzero contribution to the multiplicities and furthermore, this can happen only if n is odd. Now, assume that n = 2m + 1 and F 1 = ∅. If γ = BL b ∈ Γ Λ, with n B = 1 (hence x γ = g m ), we know by Lemma 3.1 that there exists a basis f 1 , . . . , f n of Λ such that B is diagonal in this basis. We may assume, after reordering the basis elements that Bf j = −f j for 1 ≤ j < n and Bf n = f n . Let f ′ 1 , . . . , f ′ n ∈ Λ * be the dual basis of f 1 , . . . , f n . It is clear that also Bf ′ j = −f ′ j for 1 ≤ j < n and Bf ′ n = f ′ n . Let as usual Λ * ε = Λ * + u ε , with u ε = j c j f ′ j and c j ∈ {0, 1 2 } for each j. If the contribution of B to (2.16) is non-trivial, then (Λ * ε ) B = ∅ (see (2.14)). Thus, there exists u = λ ′ + u ε with λ ′ = j d j f ′ j , d j ∈ Z and Bu = u. This says that for 1 ≤ j ≤ n − 1, we have c j + d j = −c j − d j and hence c j = 0 for 1 ≤ j ≤ n − 1. On the other hand, c n equals 0 or 1 2 , that is, u ε = 0 or u ε = 1 2 f ′ n . If u ε = 0 we have Λ * ε = Λ * and thus e 2πiu·b = e −2πiu·b for any u ∈ Λ * , since b ∈ 1 2 Λ, by Lemma 3.1. We claim that u e −2πiu·b χ Hence, we conclude that if u ε = 0, the contribution of γ = BL b ∈ Γ Λ to (2.16) is zero. Now consider the case u ε = 1 2 f ′ n , that is, (Λ * ε ) B = (Z + 1 2 )f ′ n . Hence, since ε(λ) = e 2πiuε·λ , then (3.5) ε(f j ) = 1 (1 ≤ j ≤ n − 1), and ε(f n ) = −1.
We have that b ≡ 1 2 f n mod Λ. Furthermore we note that, since −1 = ε(f n ) = ε(γ 2 ) = ε(γ) 2 = (±e 1 . . . e 2m ) 2 = (−1) m it follows that m = 2r + 1 is necessarily odd, hence n = 4r + 3. Now (3.5) says that only if B |Λ = −δ ε Id can γ = BL b give a nonzero contribution.
Furthermore, since (Λ * ε ) B = (Z + 1 2 )f ′ n , then, for fixed µ > 0, (Λ * ε,µ ) B = ∅ if and only if µ = µ j := (j + 1 2 ) f n −1 with j ∈ N 0 . For µ = µ j , we have
Again, putting together the contributions of u j and −u j , we get
where we have used that χ
then one has that f = ±f n , hence f ′ n = f n −2 f n . Now one verifies that σ(u j , g m ) = σ((f · 2b)f, g m ). Hence, σ(u j , g m ) sin(2πu j · b) = σ γ sin(π(j + 1 2 )) = σ γ (−1) j since b ≡ 1 2 f n mod Λ. Since m = 2r + 1, we finally get that the contribution of γ to the multiplicity of the eigenvalue ±2πµ j is given by
Now, if an element γ ′ = B ′ L b ′ ∈ F 1 gives a nonzero contribution, it is clear by arguing as above that B ′ |Λ = −δ ε Id, hence B ′ = B. Since only Id and γ = BL b give a contribution to the multiplicity formula, this completes the proof of (ii).
Finally, the first assertion in (iii) follows immediately from (2.17) and the remaining assertions are direct consequences of the first.
Remark 3.3. (i) Except for the very special case described in (ii) of the theorem, the twisted Dirac spectrum of Z k 2 -manifolds is symmetric and the multiplicities are given by the simple formula (3.3). In this case, the multiplicities of Dirac eigenvalues for M Γ with a spin structure ε are determined by the multiplicities for the covering torus T Λ with the restricted spin structure ε |Λ . Indeed, we have d ± L⊗τ,µ (Γ, ε) = 2 −k d ± L⊗τ,µ (Λ, ε |Λ ). (ii) Note that, for each fixed τ , all spin Z k 2 -manifolds (M Γ , ε) having asymmetric Dirac spectrum and covered by the same torus (T Λ , ε |Λ ) are D-isospectral to each other.
As an application of Theorem 3.2 we shall now compute the η-series and the η-invariant for any Z k 2 -manifold. We will often write η(s) and η in place of η (Γ,ε) (s) and η (Γ,ε) , for simplicity.
Proposition 3.4. Let (M Γ , ε) be a spin Z k 2 -manifold of odd dimension n = 4r + 3 (thus m = 2r + 1). If Spec D L⊗τ (M Γ , ε) is asymmetric then, in the notation of Theorem 3.2, we have:
where ζ(s, α) denotes the generalized Riemann-Hurwitz zeta function for α ∈ (0, 1) and σ γ is as defined in (3.4) .
Therefore, η(s) has an analytic continuation to C that is everywhere holomorphic. Furthermore,
Proof. We shall use Theorem 3.2 in the case of the special spin structure when the spectrum is not symmetric, otherwise, η(s) = 0. We have
Now from formula (3.4) we have that
where ζ(s, α) is the generalized Riemann-Hurwitz function, for α ∈ (0, 1). Now ζ(s, α) extends to an everywhere holomorphic function except for a simple pole at s = 1, with residue 1 (see [WW] , 13.13) hence formula (3.6) implies that η(s) is everywhere holomorphic. Furthermore, since ζ(0, α) = 1 2 − α, by taking limit as s → 0 in the above expression we get (3.7). Also, differentiating (3.6) and using that ζ ′ (0, a) = log Γ(a) − 1 2 log(2π) (see [WW] ) we obtain (3.8). Remark 3.5. Note that if (τ, V ) = (1, C), then for Z k 2 -manifolds with k ≤ m, one has that η(0) ∈ Z. In particular the η-invariant of any Z 2 -manifold is an even integer. Indeed, in the asymmetric case, η = ±2 m−1 ∈ Z. In dimension n = 3, for F ≃ Z 2 , the proposition gives η = σ γ . Take Γ = γ, L Λ where γ = −1 −1 1 L e 3 2 and Λ the canonical lattice in R 3 . Then M Γ has asymmetric spectrum only for the two spin structures ε + = (1, 1, 1; e 1 e 2 ) and ε − = (1, 1, 1; −e 1 e 2 ). Then η (Γ,ε + ) = 1 while η (Γ,ε − ) = −1 as in [Pf] .
Twisted Dirac isospectral manifolds
In this section we give examples of twisted Dirac isospectral flat manifolds that are pairwise non-homeomorphic to each other. In Examples 4.3, 4.4 and 4.5 we compare twisted Dirac isospectrality with other types of isospectrality, such as Laplace isospectrality on functions and on p-forms and length isospectrality with and without multiplicities (see Introduction). Two manifolds are [L]-isospectral (L-isospectral) if they have the same [L]-spectrum (L-spectrum). Obviously, [L]-isospectrality implies L-isospectrality.
As a consequence we will obtain the following results: (Ex. 4.3 (i) ). (b) All M 's in F have the same p-Betti numbers for 1 ≤ p ≤ n and they are p-isospectral to each other for any p odd. (Ex. 4.3 (ii) ).
(ii) There are pairs of non-homeomorphic spin manifolds that are ∆ L⊗τisospectral but not D ).
(iii) There are pairs of spin manifolds that are ∆ p -isospectral for 0 ≤ p ≤ n and also [L]-isospectral which are D L⊗τ -isospectral, or not, depending on the spin structure. (Ex. 4.5 (i) ).
(iv) There are pairs of spin manifolds that are D L⊗τ -isospectral and ∆ pisospectral for 0 ≤ p ≤ n which are L-isospectral but not ).
Theorem 4.2. There exists a family, with cardinality depending exponentially on n, of pairwise non-homeomorphic Kähler Riemannian n-manifolds that are twisted Dirac isospectral to each other for many different spin structures. (Ex. 4.6) .
In all the examples we will use Bieberbach manifolds of diagonal type, a subfamily of the family of Z k 2 -manifolds. A Bieberbach group Γ is said to be of diagonal type if there exists an orthonormal Z-basis {e 1 , . . . , e n } of the lattice Λ such that for any element BL b ∈ Γ, Be i = ±e i for 1 ≤ i ≤ n (see [MR4] ). Similarly, M Γ is said to be of diagonal type, if Γ is so. If Γ is of diagonal type, after conjugation of Γ by an isometry, it may be assumed that Λ is the canonical lattice and also that for any γ = BL b ∈ Γ, one has that b ∈ 1 2 Λ ([MR4], Lemma 1.4). Let (M Γ , ε) be a spin Z k 2 -manifold where Γ = γ 1 , . . . , γ k , L Λ and let λ 1 , . . . λ n be a Z-basis of Λ. If γ = BL b ∈ Γ we will fix a distinguished (though arbitrary) element in µ −1 (B), denoted by u(B). Thus, ε(γ) = σ u(B), where σ ∈ {±1} depends on γ and on the choice of u(B).
The homomorphism ε : Γ → Spin(n) is determined by its action on the generators λ 1 , . . . , λ n , γ 1 , . . . , γ k of Γ. Hence, if we set δ i := ε(L λ i ), we will identify the spin structure ε with the n + k-tuple Hence |Λ √ 2 | = 4 n 2 and |Λ B j,h √ 2 | = 2j + 4 l 2 . One checks that e √ 2,γ (Γ j,h ) = 2j − 4(l − 1) + (4 l 2 − 4(l − 1)) = 2j + 2(l − 1)(l − 4). Again by (4.7), we get (4.9) d p, √ 2 (Γ j,h ) = 2 n p n 2 + K n p (j + h) j + (l − 1)(l − 4) . In particular for p = 0, since K n 0 (j) = 1 for any j, we have d 0,1 (Γ j,h ) = n + l − 2 (4.10) d 0, √ 2 (Γ j,h ) = n(n − 1) + j + (l − 1)(l − 4). (4.11)
These multiplicities are sufficient to show that all Z 2 -manifolds in F are pairwise not isospectral. Indeed, if M j,h , M j ′ ,h ′ are isospectral then l = l ′ by (4.10), thus 2j + h = 2j ′ + h ′ . By (4.11), then j = j ′ and hence h = h ′ .
Dirac isospectrality for Z 2 -manifolds. We will give examples of quadratic families of spin Z 2 -manifolds Dirac isospectral to each other.
We need to restrict ourselves to orientable manifolds, so consider the family
It will also be convenient to split
(i) We now define spin structures for M j,h in F + . By (4.5), δ n = 1 for j + h ≡ 0 (4) and δ n = −1 for j + h ≡ 2 (4). Hence, we take the spin structures (4.12) ε i,j,h = (1, . . . , 1, (−1) i ; σu(B j,h )), i = 0, 1, for manifolds in F + i , i = 0, 1, respectively. For simplicity, we will write ε i for ε i,j,h .
We claim that all the spin Z 2 -manifolds inF + 0 := {(M j,h , ε 0 ) : M j,h ∈ F + 0 } are twisted Dirac isospectral to each other. Indeed, since ε 0 is a spin structure of trivial type, we know from Theorem 3.2 that the spectrum is symmetric and the multiplicities of the eigenvalues ±2πµ of D are given by
Note that all manifolds inF + 0 have 2 m−1 d τ non-trivial harmonic spinors.
If n ≡ 3(4), the spin manifolds inF + 1 := {(M j,h , ε 1 ) : M j,h ∈ F + 1 } are Dirac isospectral to each other. The same happens with those inF + 1 {M 0,2m }, for n = 2m + 1 ≡ 3(4). Indeed, in both cases, we have that d ± L⊗τ,µ (Γ j,h , ε 1 ) = 2 m−2 d τ |Λ ε 1 ,µ |, by Theorem 3.2. These manifolds do not have non-trivial harmonic spinors.
(ii) Note that, for every t, all M t,0 , M t−1,1 , . . . , M 0,t have the same first Betti number. We recall from [MP] , Proposition 4.1, that for 1 ≤ p ≤ n (4.13)
Hence, if β 1 (M j,h ) = β 1 (M ′ j,h ), then β p (M j,h ) = β p (M ′ j,h ) for any p ≥ 1. Now, take (4.14) F t = {(M j,h , ε) : M j,h ∈ F + and j + h = t} for some fixed t even and ε as in (4.12). In this way F t is a family of t + 1 spin Z 2 -manifolds which are Dirac isospectral to each other all having the same p-Betti numbers for all 1 ≤ p ≤ n. Moreover, if we take n = 2t then all M j,h ∈ F t are p-isospectral for any p odd, by the comments after (4.7).
Example 4.4. Here we give a simple pair of non-homeomorphic spin Z 2 2manifolds that are (twisted) spinor Laplacian isospectral but not (twisted) Dirac isospectral. Let Λ be the canonical lattice in R 7 and take the Bieberbach groups −1, 1, 1, 1, 1, 1) , −1, −1, −1, 1, 1, 1) , B ′ 2 = diag(1, 1, −1, −1, −1, −1, 1), and b 1 = e 7 2 , b 2 = e 1 +e 3 +e 7 2 , b ′ 1 = e 7 2 , b ′ 2 = e 2 2 are in 1 2 Λ. Let M Γ = Γ\R 7 , M Γ ′ = Γ ′ \R 7 be the associated Z 2 2 -manifolds. By Theorem 2.1 in [MP] , one can check that M Γ and M Γ ′ respectively admit spin structures ε, ε ′ with characters δ ε = (δ 1 , δ 2 , δ 1 , δ 4 , δ 5 , δ 6 , −1) and 1, 1, 1, 1, 1, −1) , and if χ τ (B 1 ) = 0, then (M Γ , ε) has asymmetric Dirac spectrum. Thus, if µ j = j + 1 2 , j ∈ N 0 , the multiplicity of ±2πµ is given by
On the other hand F 1 (Γ ′ ) = ∅. Thus, M Γ ′ has symmetric Dirac spectrum with d ± L⊗τ,µ (Γ ′ , ε ′ ) = d τ |Λ ε ′ ,µ |. Now take δ ε ′ = (−1, 1, 1, 1, 1, 1, 1) . Then (M Γ , ε) and (M Γ ′ , ε ′ ) are ∆ L⊗τisospectral. Indeed, d 0 (Γ, ε) = d 0 (Γ ′ , ε ′ ) = 0 and since |J − ε | = |J − ε ′ | = 1, for any µ > 0, by Remark 2.2, we have
Here, we shall exhibit two pairs of ∆ p -isospectral for 0 ≤ p ≤ n and L-isospectral 4-dimensional Z 2 2 -manifolds M, M ′ , one pair being [L]isospectral and the other not. These pairs will be twisted Dirac isospectral, or not, depending on the choices of the spin structures.
Consider the manifolds
Λ are as given in Table 2 , where
and Λ = Ze 1 ⊕ . . . ⊕ Ze 4 is the canonical lattice. Furthermore, we take B i = B ′ i . In all cases the matrices B i are diagonal and are written as column vectors. We indicate the translation vectors b i , b ′ i also as column vectors, leaving out the coordinates that are equal to zero. We will also use the pair M 2 ,M ′ 2 of Z 2 2 -manifolds of dimension 6 obtained from the pair M 2 , M ′ 2 by adjoining the characters (−1, 1, −1) and (1, −1, −1) to B i , 1 ≤ i ≤ 3, and 
, the manifolds M 1 , M ′ 1 are Sunada isospectral (hence p-isospectral for 0 ≤ p ≤ n) and [L]-isospectral.
By Theorem 2.1 in [MP] , one can check that M 1 admits 2 4 spin structures ε 1 of the form ε 1 = (δ 1 , −1, δ 3 , −1; σ 1 e 1 e 2 , σ 2 e 2 e 3 ), and M ′ 1 carries 2 3 spin structures ε ′ 1 of the form
3 (see Remark 2.2). However, if we take ε 1 , ε ′ 1 such that δ ε 1 = δ ε ′ 1 = (−1, −1, −1, −1), then (M 1 , ε 1 ) and (M ′ 1 , ε ′ 1 ) are D L⊗τ -isospectral to each other.
(ii) By Example 3.4 in [MR4] , the manifolds M 2 , M ′ 2 are Sunada isospectral (hence p-isospectral for 0 ≤ p ≤ n and L-isospectral) but not [L]isospectral. In order to have orientable manifolds we add to M 2 , M ′ 2 the characters (−1, 1, −1) and (1, −1, −1). The pairM 2 ,M ′ 2 obtained has the same spectral properties as M 2 , M ′ 2 . This can be seen by proceeding as in the Example 3.4 in [MR4] .
Again, by Theorem 2.1 in [MP] , we can check thatM 2 has 2 5 spin structures, ε 2 , with characters δ ε 2 = (δ 1 , 1, −1, −1, δ 5 , δ 6 ), δ 1 , δ 5 , δ 6 ∈ {±1}; and M ′ 2 has 2 6 spin structures, ε ′ 2 , with characters
Example 4.6. We now construct a large family of pairwise non-homeomorphic twisted Dirac isospectral flat 2n-manifolds, with holonomy group Z n−1 2 . We will apply the doubling procedure in [DM2] to the family of Hantzsche-Wendt manifolds (see [MR] ).
We first recall some facts from [MR] . Let n be odd. A Hantzsche-Wendt group (or HW group) is an n-dimensional orientable Bieberbach group Γ with holonomy group F ≃ Z n−1 2 such that the action of every B ∈ F diagonalizes on the canonical Z-basis e 1 , . . . , e n of Λ. The holonomy group F can thus be identified to the diagonal subgroup {B : Be i = ±e i , 1 ≤ i ≤ n, det B = 1} and M Γ = Γ\R n is called a Hantzsche-Wendt (or HW) manifold.
We denote by B i the diagonal matrix fixing e i and such that B i e j = −e j (if j = i), for each 1 ≤ i ≤ n. Clearly, F is generated by B 1 , B 2 , . . . , B n−1 and furthermore B n = B 1 B 2 . . . B n−1 .
Any HW group has the form Γ = B 1 L b 1 , . . . , B n−1 L b n−1 , L λ : λ ∈ Λ , for some b i ∈ R n , 1 ≤ i ≤ n − 1, where it may be assumed that the components b ij of b i satisfy b ij ∈ {0, 1 2 }, for 1 ≤ i, j ≤ n. Also, since (Λ p (R n )) F = 0 for any 1 ≤ p ≤ n − 1, it follows that all HW manifolds are rational homology spheres. We further recall that, as shown in [MR] (by using a rather small subfamily H 1 ), the cardinality h n of the family of all HW groups under isomorphism satisfies h n > 2 n−3 n−1 . Moreover, the cardinality of the set of Laplace isospectral, pairwise non-isomorphic, pairs of HW groups grows exponentially with n.
It is easy to verify, for instance using condition (ε 1 ) in [MP] , (2.3), that no HW manifold with n = 4k + 1 is spin. Similarly, no HW manifold in the family H 1 is spin, if n = 4k + 3, k > 0. This can be seen by considering a product of three consecutive generators γ := γ i γ i+1 γ i+2 with i ≥ 2. We have γ 2 i+2 = L e i+2 = γ 2 . This gives a contradiction since ε(γ) 2 = 1 (the multiplicity of the eigenvalue −1 for B i B i+1 B i+2 is 4k) while ε(γ i+2 ) 2 = −1 (the multiplicity of the eigenvalue −1 for B i+2 is 4k + 2).
We will now consider for any HW group Γ, the group dΓ, defined by the doubling construction in [DM2] , namely dΓ = dBL (b,b) , L (λ 1 ,λ 2 ) : BL b ∈ Γ, λ 1 , λ 2 ∈ Λ where dB := B 0 0 B . This yields a Bieberbach group of dimension 2n, with the same holonomy group Z n−1 2 as Γ, and with the additional property that the associated manifold M dΓ is Kähler. The reason why we use dΓ in place of Γ is that M dΓ is always spin (see [MP] , Remark 2.4).
We will need the following facts:
(i) If Γ is a HW group, then M dΓ admits 2 n−1 spin structures of trivial type.
(ii) If Γ runs through all HW groups, all manifolds M dΓ endowed with spin structures of trivial type are twisted Dirac isospectral to each other.
(iii) If Γ, Γ ′ are non-isomorphic HW groups then dΓ, dΓ ′ are non-isomorphic Bieberbach groups.
(iv) Two HW groups Γ, Γ ′ are Laplace isospectral if and only if dΓ and dΓ ′ are Laplace isospectral. Now, (i) and (ii) are direct consequences of Remark 2.4 in [MP] and of (i) of Theorem 3.2, respectively.
Proof of (iii). This assertion follows by an argument very similar to that given in the proof of Proposition 1.5 in [MR] . We shall only sketch it. An isomorphism between dΓ and dΓ ′ must be given by conjugation by CL c with C ∈ GL(2n, R) and c ∈ R 2n . Now C(Λ ⊕ Λ) = Λ ⊕ Λ implies C ∈ GL(2n, Z) and furthermore for each 1 ≤ i ≤ n − 1,
where ρ ∈ S n . Thus CdB i C −1 L C((b i ,b i )+(dB i −Id)c) . In particular, this implies that CdB i C −1 = dB ρ(i) for each 1 ≤ i ≤ n, with ρ ∈ S n . Thus, there is an n × n permutation matrix P such that D := CdP C −1 commutes with dB i for each i, thus D preserves Ze i ⊕ Ze n+i for each i. It is easy to see that conjugation by such D yields an automorphism of dΓ ′ . Thus, conjugation by DCL c = dP L c takes dΓ onto dΓ ′ isomorphically and furthermore
. This implies that c = (c 1 , c 1 ), mod Λ, with c 1 ∈ 1 4 Λ and hence, conjugation by P L c 1 gives an isomorphism between Γ and Γ ′ , a contradiction.
Proof of (iv). Since HW groups are of diagonal type, then Γ, Γ ′ are Laplace isospectral if and only if they are Sunada isospectral, that is, if they have the same Sunada numbers (see [MR3] , [MR4] ). We claim that this is the case if and only if dΓ and dΓ ′ are Sunada isospectral to each other.
Indeed, we recall that for 0 ≤ t ≤ s ≤ n, and Γ of diagonal type, the Sunada numbers of Γ are defined by c d,t (Γ) := BL b ∈ Γ : n B = d and n B ( 1 2 ) = t . where, for BL b ∈ Γ, n B ( 1 2 ) := |{1 ≤ i ≤ n : Be i = e i and b · e i = 1 2 }|. Now, it is clear from the definitions that c 2s,2t (dΓ) = c s,t (Γ) for each 0 ≤ t ≤ s ≤ n and c u,v (dΓ) = 0, if either u or v is odd. This clearly implies that Γ and Γ ′ have the same Sunada numbers if and only if dΓ and dΓ ′ do so, that is, if and only if dΓ and dΓ are Sunada-isospectral to each other.
Thus, for each n odd, by (i), (ii), (iii), (iv), the above construction yields a family, of cardinality that depends exponentially on n, of Kähler flat manifolds of dimension 2n, all pairwise non-homeomorphic and all twisted Dirac isospectral to each other, having only 2d τ harmonic spinors for every trivial spin structure chosen (see (iii) of Theorem 3.2). Within this family, by (iii) and [MR] , there are exponentially many pairs that are Sunada isospectral, hence p-isospectral for all p. However, generically, two such manifolds will not be p-isospectral for any value of p (see for instance [MR2] in the case n = 7).
We note that if we repeat the doubling procedure then the set of all M d 2 Γ , with Γ a HW group, is an exponential family of hyperkähler manifolds with the same spectral properties as the family M dΓ , but now having 2 n+1 d τ harmonic spinors for every spin structure of trivial type chosen.
Remark 4.7. In [MPR] we consider a family of pairwise non homeomorphic flat n-manifolds, of cardinality growing with n like a n 2 for some a > 0.
If we apply the doubling procedure to this family, one shows that considerations (i), . . . , (iv) in Example 4.6 remain valid, hence one obtains a family of twisted Dirac isospectral n-manifolds of cardinality now growing like a n 2 .
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